A set-indexer [3] of a given graph G = (V, E) is an assignment f of distinct nonempty subsets of a finite nonempty 'ground set' X of cardinality n to the vertices of G so that the values f ⊕ (e), e = uv ∈ E, obtained as the symmetric differences f (u)⊕f (v) of the subsets f (u) and
Introduction
For all terminology and notation in graph theory, not defined specifically in this paper, we refer the reader to Harary [9] . Unless mentioned otherwise, all the graphs considered in this note are simple, loop-free and finite.
Acharya introduced to the notion of set-valuations of graphs [3] , as follows: A setindexer of a given graph G = (V, E) is an assignment f of distinct nonempty subsets of a Owing to the Acharya-Hegde necessary conditions, not every graph admits a setsequential (set-graceful) labeling and in view of Theorem 1.1 and Theorem 1.2 its is quite apparent that "Almost all graphs are not set-sequential ". So far there is no characterization of set-sequential ( set-graceful) graphs. Hence, while obtaining in general a 'good' characterization of a set-sequential (set-graceful) graphs appears a formidable open problem [15] it becomes imperative to recognize graphs which are set-sequential (set-graceful). In particular, the problem of characterizing set-sequential trees was raised in [5] and [8] and was studied in [16] for the case of binary trees. The first result in the next section gives a new necessary condition for a graph to be set-sequential followed by a complete characterization of set-sequential caterpillar of diameter four. We also identify and provide a complete characterization of a class of set-sequential tree of diameter four.
New results

Theorem 2.1. Let G be a set-sequential graph with respect to a set X. Then, for every edge ab ∈ E(G) with d(a) = d(b) one has d(a)
Proof. Suppose the theorem is false. Then, there exists a (p, q)-graph G having a setsequential labeling f with respect to a set X having an edge ab with
Firstly, it is not difficult to verify that no graph with at most four vertices satisfies all the given properties, viz., a set-sequential graph H having an edge ab with d(a) = d(b) and d(a) + d(b) ≥ 2 n−1 − 1, where n is the cardinality of the ground set X with respect to which there is a set-sequential labeling of H. Therefore, G has at least five vertices whence, by invoking the Acharya-Hegde necessary condition for a graph to be set-sequential, we see that n ≥ 3. If n = 3, it may be verified that q ≤ 2. Further, no graph on at least five vertices and at most two edges is set-sequential. Therefore, n ≥ 4. If n > 4 then it is not difficult to verify that p would never be an integer solution to the quadratic inequality
which is set up by the facts that p + q = 2 n − 1 and q ≤ p(p−1) 2
. Therefore, n = 4 whence we get p = 5. Since G is set-sequential, we have p + q = 2 n − 1 which, when p = 5 and n = 4, yields that q = 10 and hence G ∼ = K 5 and we know that it is set-sequential [6] .
A caterpillar is a tree with the property that the removal of its endpoints leaves a path, we characterize set-sequential caterpillars of diameter four. Set-sequential caterpillars of diameter five and six has been characterized in [10] . But before we proceed any further we make the following conventions: by T [a, b, c] we would mean a caterpillar whose underlying path is P = [u, v, w] Note that there is no set sequential tree of diameter ≥ 4 with respect to a set X of cardinality three, as for if T is a tree of order ≥ 4 then |V (T )| + |E(T )| ≥ 9 where as 2 3 − 1 = 7. Proof. The proof follows from Theorem 1.3.
As the Proposition 2.1 suggests all the internal vertices of set-sequential caterpillar of diameter four are odd, we would require the following terminology and notions which would smoothen our presentation.
Let S o (n, 3) denote the set of all the 3-decompositions of an integer n into odd parts > 1. Where decomposition [11] is an order dependent partition of an integer n. For example Example 2.1. (11, 3, 3) , (3, 11, 3) , (3, 3, 11) , (9, 5, 3) , (9, 3, 5) , (5, 9, 3) , (5, 3, 9) , (3, 9, 5) , (3, 5, 9) , (7, 7, 3) , (7, 3, 7) , (3, 7, 7) , (7, 5, 5) , (5, 7, 5) , (5, 5, 7)}.
for some r > 0 and some (y 1 , y 2 , y 3 ) ∈ S o (n, 3).
Proof. Let n ≥ 1 and let (x 1 , x 2 , x 3 ) ∈ S o (2 n+3 + 1, 3) be a partition of 2 n+3 + 1 into three odd parts, each part being at least 3. Without loss of generality assume that x 1 ≥ x 2 ≥ x 3 . Note that the difference between 2 n+3 + 1 and 2 n+2 + 1 is 2 n+2 . Our objective is to show that there exists some (y 1 , y 2 , y 3 ) ∈ S o (2 n+2 + 1, 3) such that the difference (x 1 , x 2 , x 3 ) − (y 1 , y 2 , y 3 ) is a 3-tuple whose components add up to 2 n+2 and whose components are zero or a power of 2 as in one of the nine types given above. We consider two cases, depending on the value of the largest odd part x 1 :
Case 1: Suppose x 1 ≥ 2 n+2 + 3: Then we set y 1 = x 1 − 2 n+2 , y 2 = x 2 , y 3 = x 3 . The condition on x 1 implies that y 1 ≥ 3, and so we have the 3-tuple (y 1 , y 2 , y 3 
Case 2: Suppose x 1 ≤ 2 n+2 + 1: Consider two subcases, depending on the value of x 2 : Subcase a: Suppose x 2 ≥ 2 n+1 + 3. Then, x 1 ≥ x 2 ≥ 2 n+1 + 3. So, we can set (y 1 , y 2 , y 3 ) to be (x 1 − 2 n+1 , x 2 − 2 n+1 , x 3 ), which is a partition of 2 n+2 + 1 into three odd parts, each being of size at least 3.
Subcase b: Suppose x 2 ≤ 2 n+1 + 1. Then, since x 1 ≤ 2 n+2 + 1 and x 2 ≤ 2 n+1 + 1, we have that 
is of the order 2 n+2 , and the number of pendant vertices are 2 n+2 − 3.
For n = 1, S o (9, 3) = {(3, 3, 3)}. Thus T 0 [3, 3, 3] is unique caterpillar of diameter four with 2 1+2 − 3 = 5 pendant vertices and is seen to be set-sequential with respect to with respect to X 1 = {x 1 , x 2 , x 3 } ∪ {x 4 } of cardinality 3 + 1 = 4, as shown in Table 1 . For n = 2, S o (17, 3) is shown in example 2.1 and for (a, b, c) ∈ S o (17, 3), the non isomorphic caterpillars of diameter four shown in the Table 2 and each of them contains 2 2+2 − 3 = 13 pendant vertices.
. (3, 3, 11) or (11, 3, 3) T 1 [3, 3, 11] , (3, 11, 3) T 2 [3, 11, 3] , (9, 5, 3) or (3, 5, 9) T 3 [3, 5, 9] , (5, 9, 3) or (3, 9, 5)
T 7 [7, 3, 7] , (5, 5, 7) or (7, 5, 5) 5 } of cardinality 3 + 2 = 5, as shown in the Table 3 -4. Hence the result is true for n = 2.
And, each of
Note that, each of 
is of the order 2 n+2 and contains 2 n+2 − 3 pendant vertices.
We shall now prove that the result is true for with respect to X n+1 = X n ∪ {x n+4 }, it is enough to show that the unlabeled 2 n+2 vertices adjacent to u can be assigned the subsets of P(X n+1 ) − P(X n ) in an injective manner so that edges adjacent to them receives distinct elements of P(X n+1 ) − P(X n ) as the symmetric difference of its end vertices. Let Y = P(X n+1 ) − P(X n ), then |Y | = 2 n+3 and there are exactly 2 n+2 subsets of X n+1 in Y which contains {x 1 } and exactly 2 n+2 subsets of X n+1 in Y which does not contains {x 1 }. Thus Y can be partitioned into two classes A and B such that A contains all the subsets of X n+1 in Y which contains {x 1 } and B contains all the subsets of X n+1 in Y which do not contains {x 1 }, hence |A| = |B| = 2 n+2 . By assigning all the 2 n+2 elements of B to the 2 n+2 unlabeled pendant vertices adjacent 
Note these 2 n+1 new pendant vertices can be partitioned into 2 n−1 copies each of which contains four vertices. Let C i and C ′ i denote the partition of 2 n+1 new pendant vertices adjacent to u and v each containing four vertices, where 1 ≤ i ≤ 2 n−1 . To show that the unlabeled 2 n+1 new pendant vertices adjacent to u and v can be assigned the subsets of P(X n+1 ) − P(X n ) in an injective manner so that edges adjacent to them receives distinct elements of P(X n+1 ) − P(X n ) as the symmetric difference of its end vertices, consider
For each partition C i of vertices adjacent to u we make the following assignment: 4 } ∪ {A i } and for each partition C ′ i of vertices adjacent to v we make the following assignment: 
Since, 2 n+1 new pendant vertices can be partitioned into 2 n−1 copies each of which contains four vertices and 2 n new pendant vertices can be partitioned into 2 n−1 copies each of which contains two vertices. Let C i denote the partition of unlabeled 2 n+1 pendant vertices adjacent to u each containing four vertices, where 1 ≤ i ≤ 2 n−1 and C j and C ′ j denote the partition of unlabeled 2 n pendant vertices adjacent to v and w each containing two vertices, where 1 ≤ j ≤ 2 n−1 . For each partition C i of vertices adjacent to u we make the following assignment:
where A i ∈ Y ′ and 1 ≤ i ≤ 2 n−1 . For each partition C j of vertices adjacent to v we make the following assignment:
, and for each partition C ′ j of vertices adjacent to w we make the following assignment:
Clearly the assignment defined above is injective and is a set-sequential labeling of We now introduce a class of tree of diameter four. By a star lobster we would mean a tree with the property that the removal of its endpoints leaves a star where d 1 , d 2 , . . . , d n are the degrees of the vertices u 1 , u 2 , . . . , u n which are not the end vertices or central vertex. It is easy to see that star lobster is of diameter Using arguments similar to proposition 2.2 it is verifiable that the following is true Proposition 2.3.
S o (2 n+4 − 1, 3) is generated by S o (2 n+3 − 1, 3) for n ≥ 1. They are seen to be set-sequential with respect to X 1 = {x 1 , x 2 , x 3 , x 4 } ∪ {x 5 }, |X 1 | = 4 + 1 = 5 as shown in Table 6 .
Theorem 2.4. L[a, b, c] is set-sequential if and only if
For n = 2, all the non-isomorphic tress associated with S o (31, 3) and are shown in the Table 7 and each of them has 2 2+3 − 4 = 28 pendant vertices. Thus each of 5, 9] set-sequential labeling is as shown in Table 8 . We shall now prove that the result is true for n 
